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Abstract. A Littlewood polynomial is a polynomial of the form

fn(x) =

n∑
k=0

εkx
k

with εk ∈ {−1, 1}. Let (εk) be i.i.d. Rademacher coefficients. We show that the lower envelope
of maxx∈[−1,1] |fn(x)| is determined by the small-ball probability of a certain Gaussian process. In
particular, almost surely,

lim inf
n→∞

log
(
maxx∈[−1,1] |fn(x)|/

√
n
)

(log logn)1/3
= −

(3π2

4

)1/3

.

1. Introduction

1.1. Introduction to Littlewood polynomials. A Littlewood polynomial of degree n is a poly-
nomial of the form

fn(x) =
n∑

k=0

εkx
k

with εk ∈ {−1, 1}. We study random Littlewood polynomials with i.i.d. Rademacher coefficients on
the interval [−1, 1].

Throughout the paper we write

∥fn∥∞ = max
x∈[−1,1]

|fn(x)|.

As part of their seminal work on random polynomials, Salem and Zygmund [13, Theorem (6.1.1)]
proved, as a consequence of the law of the iterated logarithm, that almost surely

lim sup
n→∞

∥fn∥∞√
n log log n

=
√
2. (1.1)

A natural question, raised in [13] and later reiterated by Erdős [5], is to determine the corre-
sponding lower envelope. Our first main result relates this lower envelope to a Gaussian process.

Theorem 1.1. Let B be a standard Brownian motion and, for δ > 0, define

F (δ) = P
(
sup
t⩾0

∣∣∣∣ ∫ 1

0
e−st dBs

∣∣∣∣ ⩽ δ

)
.

Then F is strictly increasing on (0,∞) and hence admits an inverse F−1 : (0, 1) → (0,∞). Further-
more, almost surely

lim inf
n→∞

∥fn∥∞√
nF−1(log−1/2 n)

= 1.

Given Theorem 1.1, it is natural to seek a sharper understanding of F (δ). The Gaussian process
underlying Theorem 1.1 was previously studied by Gao, Li, and Wellner [6], who proved that

logF (δ) ≍ − log3(1/δ).

Our second main result identifies the leading constant.
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Theorem 1.2. For δ ∈ (0, 1/2),

logF (δ) = − 2

3π2
log3(1/δ) + o

(
log3(1/δ)

)
.

In fact, we prove a quantitative version of Theorem 1.2; see Theorem 2.7. Combining Theorem 1.2
and Theorem 1.1 immediately yields the asymptotic stated in the abstract. We also note that
the method underlying Theorem 1.2 is fairly robust: the key probabilistic estimates sandwich the
relevant event between two L2 events that can be handled by spectral methods. In particular, the
same strategy should apply to other Gaussian processes arising from sufficiently smooth kernels,
such as those appearing in work of Aurzada, Gao, Kühn, Li, and Shao [2]; we do not pursue this
direction.

1.2. Notation and conventions. We use the asymptotic notations ≫, ≪, Ω(·), O(·), and o(·)
in the standard way. Thus X = O(Y ) and X ≪ Y both mean that |X| ⩽ CY for some absolute
constant C (which may change from line to line), while X = Ω(Y ) and X ≫ Y mean that Y ≪ X.
We write X = o(Y ) if X/Y → 0 in the relevant limit. If X and Y are positive quantities, then
X ≍ Y means Y ≪ X ≪ Y . All logarithms are natural unless explicitly indicated otherwise. We
also record our Fourier-transform convention: for f ∈ L1(R),

f̂(ξ) =

∫
R
f(x)e−iξx dx,

so that the inversion formula reads

f(x) =
1

2π

∫
R
f̂(ξ)eiξx dξ.

1.3. Overview of the proof. We begin with a brief sketch of the proof of Theorem 1.1. For
x ∈ (0, 1], we write x = e−t/n with t ⩾ 0, and for x ∈ [−1, 0), we write x = −e−t/n with t ⩾ 0. This
introduces logarithmic coordinates near the two endpoints, and an exact identity expresses ∥fn∥∞
in terms of the suprema of the resulting profiles together with the value at x = 0. To be precise, we
set

f+
n,t = n−1/2fn(e

−t/n), f−
n,t = n−1/2fn(−e−t/n). (1.2)

We also define
Sn
s =

1√
n

∑
0⩽k⩽⌊ns⌋

εk.

Via the Komlós–Major–Tusnády (KMT) approximation [8, 9], we may couple Sn
s with a standard

Brownian motion Bs so that |Sn
s − Bs| ≪ (logn)/

√
n. By coupling the even and odd coefficients

separately, one is naturally led to Gaussian approximants of the form

Y +
n,t =

∫ 1

0
e−st dB+

n,s, Y −
n,t =

∫ 1

0
e−st dB−

n,s, (1.3)

where B+
n,s and B−

n,s are independent Brownian motions. This reduces the problem to the study of
the Gaussian process (Yt)t⩾0 defined by

Yt =

∫ 1

0
e−st dBs,

and of the associated small-ball probability

F (δ) = P
(
sup
t⩾0

|Yt| ⩽ δ
)
,

whose asymptotics as δ ↓ 0 drive the rest of the argument.
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Now we discuss the proof of Theorem 1.2. Setting Zt = et/2Yet , we find that

E[ZtZs] =
1

2
sech

(s− t

2

)
(1− e−es−et).

Using a comparison argument, it is enough to study the stationary Gaussian process Xt with
covariance

E[XtXs] =
1

2
sech

(s− t

2

)
and to bound

G(δ) = P
(
sup
t⩾0

e−t/2|Xt| ⩽ δ
)
.

The next step is to compare this L∞ event with the L2 quantity

H(δ) = P
(∫ ∞

0
e−tX2

t dt ⩽ δ2
)
.

Since

E
[ ∫ ∞

4 log(1/δ)
e−t|Xt|2 dt

]
⩽ δ4/2,

and on the event defining G(δ) we have∫ 4 log(1/δ)

0
e−tX2

t dt ⩽ 4δ2 log(1/δ),

the Gaussian correlation inequality [12, Theorem 1] gives

G(δ) ⩽ 2H(4δ log(1/δ)).

For the reverse implication, after introducing a smooth cutoff w we prove the local comparison
bound

P
(

max
−1⩽t⩽1

|w(t)Xt| ⩾ z
(∫ 1

−1
|w(t)Xt|2 dt

)1/2)
≪ e−Ω(z/ log2(z+e)).

This yields
H(δ) exp

(
−O(log2(1/δ))

)
⩽ G

(
2δ log4(1/δ)

)
,

and hence, by monotonicity,

H
( δ

3 log4(1/δ)

)
exp

(
−O(log2(1/δ))

)
≪ G(δ).

The proof of this comparison ultimately rests on Fourier analysis after introducing the smooth cutoff
weight, and the appendix then establishes the corresponding sharp L2 small-ball asymptotic, with
error term O(log(1/δ)5/2

√
log log(1/δ)).

Returning to Theorem 1.1, the KMT coupling transfers the Gaussian estimates back to Littlewood
polynomials. The argument then proceeds in the spirit of the law of the iterated logarithm: a sparse
mesh captures the relevant scales, the lower bound follows from a first-moment argument, and the
upper bound comes from splitting the polynomial into an old part and an independent fresh block.
A final subtlety is that the asymptotic for F (δ) is not quite precise enough to control the difference
between F (δ) and F ((1+η)δ) directly. To handle this, we use the Gaussian B-inequality of Cordero-
Erausquin, Fradelizi, and Maurey [4], which implies that t 7→ F (et) is log-concave and yields the
continuity estimates that we need.

1.4. Acknowledgments. BL thanks Dan Mikulincer for helpful discussions. This research was
conducted while MS held a Clay Research Fellowship.
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Statement on the use of AI. ChatGPT Pro was used to assist with various mathematical
arguments in the paper. Most notably, it drew our attention to the Gaussian B-inequality used
in Proposition 4.1 (see link). In addition, Codex and ChatGPT Pro were used extensively to help
write and edit the manuscript.

2. L∞ small-ball probabilities for a Gaussian process

2.1. Preparatory steps. Before proving Theorem 1.2, we make a number of convenient reductions.
Let B be a standard Brownian motion on [0,∞), and for t > 0 define

Yt =

∫ 1

0
e−ut dBu, Ỹt =

∫ ∞

0
e−ut dBu. (2.1)

By Itô’s isometry,

E[YsYt] =
∫ 1

0
e−u(s+t) du =

1− e−s−t

s+ t
, E[ỸsỸt] =

1

s+ t
.

Moreover, Ỹs has the same distribution as Ys + e−sỸ ′
s , where Ỹ ′

s is an independent copy of Ys. We
also define

Zt = et/2Yet , Xt = et/2Ỹet . (2.2)
If K(t) = sech(t/2)/2, then

E[ZsZt] = K(s− t)(1− e−es−et), E[XsXt] = K(s− t). (2.3)

Note also that Xt has the same distribution as Zt + et/2−etX ′
t, where X ′

t is an independent copy of
Xt. Since E[XtXs] depends only on t− s, the process X is stationary.

Recall that
F (δ) = P

(
sup
t⩾0

|Yt| ⩽ δ
)
= P

(
sup
t∈R

e−t/2|Zt| ⩽ δ
)
,

and define
G(δ) = P

(
sup
t⩾0

e−t/2|Xt| ⩽ δ
)
.

Our first step is to show that F and G are closely related.

Lemma 2.1. Let δ ∈ (0, 1/2). Then

exp
(
−O(log(1/δ)2)

)
G(δ) ⩽ F (δ)

and
F (δ/2)G(1) exp

(
−O(log2(1/δ) log log(1/δ))

)
≪ G(δ).

Proof. We first compare F and G on the range t ⩾ 1. By Royen’s Gaussian correlation inequality,

F (δ) ⩾ P
(
sup
t⩾1

|Yt| ⩽ δ
)
P
(

sup
0⩽t⩽1

|Yt| ⩽ δ
)

and since
Xt

d
= Zt + et/2−etX ′

t

with X ′
t independent of Zt, Anderson’s inequality [1, Theorem 1] gives

P
(
sup
t⩾0

e−t/2|Zt| ⩽ δ
)
⩾ G(δ).

Moreover,
P
(
sup
t⩾1

|Yt| ⩽ δ
)
= P

(
sup
t⩾0

e−t/2|Zt| ⩽ δ
)
,
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so it remains only to control the contribution from the short interval [0, 1], namely to prove that

P
(

sup
0⩽t⩽1

|Yt| ⩽ δ
)
⩾ exp

(
−O(log(1/δ)2)

)
.

On this interval the process is analytic in t, so we may control it through its Taylor coefficients.
The point is to split the series into a finite-dimensional part, where we ask that each coefficient be
individually small, and a tail part, which we show is typically negligible. For 0 ⩽ t ⩽ 1 we have the
convergent expansion

Yt =
∞∑

m=0

(−t)mam, am =

∫ 1

0

um

m!
dBu,

and therefore

sup
0⩽t⩽1

|Yt| ⩽
∞∑

m=0

|am|.

Moreover, each am is a centered Gaussian with

E[a2m] =

∫ 1

0

u2m

(m!)2
du =

1

(2m+ 1)(m!)2
.

Set M = ⌈10 log(1/δ)⌉ and λ = δ/(4(M + 1)), and write

AM =
M⋂

m=0

{|am| ⩽ λ}, BM =
{ ∑

m>M

|am| ⩽ δ/2
}
.

The event AM says that each of the first M + 1 coefficients is at most λ in absolute value, while
BM controls the remaining tail. Since (M + 1)λ = δ/4, on AM we have

M∑
m=0

|am| ⩽ (M + 1)λ = δ/4,

and therefore on AM ∩BM ,
∞∑

m=0

|am| ⩽ (M + 1)λ+ δ/2 ⩽ δ.

Hence
P
(

sup
0⩽t⩽1

|Yt| ⩽ δ
)
⩾ P(AM ∩BM ).

We estimate the two pieces separately: BM is the tail event, and AM is a finite-dimensional small-
ball event for the coefficient vector (a0, . . . , aM ). Now, by Stirling,∑

m>M

(
E[a2m]

)1/2 ≪ ∑
m>M

1

m!
≪ 1

(M + 1)!
,

so in particular E[
∑

m>M |am|] ≪ (M + 1)!−1 ≪ δ2. Thus, by Markov’s inequality,

P(BM ) ⩾
1

2

for all sufficiently small δ. Furthermore, by Šidák’s lemma,

P(AM ) ⩾
M∏

m=0

P(|am| ⩽ λ) ⩾ exp
(
−O(log(1/δ)2)

)
.

Finally, applying Royen’s inequality once more to the symmetric convex events AM and BM , we
obtain

P(AM ∩BM ) ⩾ P(AM )P(BM ) ⩾ exp
(
−O(log(1/δ)2)

)
.
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This proves the first bound.
For the reverse bound, let

T = 2 log log(1/δ).

We may assume δ is sufficiently small. We again start from the decomposition

Xt
d
= Zt + et/2−etX ′

t

with X ′
t independent of Zt. This gives

G(δ) = P
(
sup
t⩾0

e−t/2|Xt| ⩽ δ
)
⩾ P

(
sup
t⩾0

e−t/2|Zt| ⩽ δ/2
)
P
(
sup
t⩾0

e−et |X ′
t| ⩽ δ/2

)
= F (δ/2)P

(
sup
t⩾0

e−et |X ′
t| ⩽ δ/2

)
.

To estimate the second factor, we split the event at time T . For 0 ⩽ t ⩽ T , the condition |X ′
t| ⩽ δ/2

certainly implies
e−et |X ′

t| ⩽ δ/2.

Also, for t ⩾ T one has
e−et ⩽ δ2e−t/2

for all sufficiently small δ, and hence e−t/2|X ′
t| ⩽ δ−1/2 implies e−et |X ′

t| ⩽ δ/2. Therefore, if

CT =
{

sup
0⩽t⩽T

|X ′
t| ⩽ δ/2

}
and DT =

{
sup
t⩾T

e−t/2|X ′
t| ⩽ δ−1/2

}
,

then CT ∩DT is contained in the event{
sup
t⩾0

e−et |X ′
t| ⩽ δ/2

}
.

Hence, by Royen’s inequality,

P
(
sup
t⩾0

e−et |X ′
t| ⩽ δ/2

)
⩾ P(CT )P(DT ).

By stationarity and another application of Royen’s inequality,

P(CT ) ⩾
(
P
(
sup
0⩽t⩽1

|Xt| ⩽ δ/2
))⌈T ⌉

.

Moreover, since δ−1/2 ⩾ 1 and restricting to t ⩾ T only enlarges the event,

P(DT ) ⩾ G(1).

Thus
G(δ) ⩾ F (δ/2)G(1)

(
P
(
sup
0⩽t⩽1

|Xt| ⩽ δ/2
))⌈T ⌉

.

This reduces the problem to bounding the small-ball probability of X on a unit interval. By
definition of Xt,

P
(

sup
0⩽t⩽1

|Xt| ⩽ δ
)
= P

(
sup

1⩽s⩽e
s1/2|Ỹs| ⩽ δ

)
⩾ P

(
sup

1⩽s⩽e
|Ỹs| ⩽ e−1/2δ

)
.

We estimate this in the same spirit as before, now using the expansion of Ỹt around t = 2. As above,
the idea is to control finitely many Taylor coefficients directly and then show that the remaining
tail contributes very little.

Now write

Ỹt =

∫ ∞

0
e−2ue−(t−2)u dBu =

∞∑
m=0

(−(t− 2))mam,
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where

am =

∫ ∞

0

e−2uum

m!
dBu.

Since |t− 2| ⩽ 1 for t ∈ [1, e], we have

sup
1⩽t⩽e

|Ỹt| ⩽
∞∑

m=0

|am|.

Moreover,

E[a2m] =

∫ ∞

0

e−4uu2m

(m!)2
du =

(2m)!

42m+1(m!)2
≪ 4−m.

Let M = ⌈C log(1/δ)⌉ and λ = e−1/2δ
4(M+1) , where C > 0 is a sufficiently large absolute constant. If

AM =

M⋂
m=0

{|am| ⩽ λ} and BM =
{ ∑

m>M

|am| ⩽ e−1/2δ/2
}
,

then, just as before, AM controls the first M+1 coefficients and BM controls the tail. Consequently,
on AM ∩BM we have

sup
1⩽t⩽e

|Ỹt| ⩽ (M + 1)λ+ e−1/2δ/2 ⩽ e−1/2δ.

Hence
P
(

sup
1⩽t⩽e

|Ỹt| ⩽ e−1/2δ
)
⩾ P(AM ∩BM ).

If τ2m = E[a2m], then τm ≪ 2−m. Thus ∑
m>M

τm ≪ 2−M ≪ δ

for C large enough, and so Markov’s inequality gives

P(BM ) ⩾
1

2
.

Thus the tail event BM has probability bounded below by an absolute constant. To handle the
finite-dimensional event AM , we use Šidák’s lemma:

P(AM ) ⩾
M∏

m=0

P(|am| ⩽ λ) ⩾ exp
(
−O(log(1/δ)2)

)
.

A final application of Royen’s inequality yields

P(AM ∩BM ) ⩾ P(AM )P(BM ) ⩾ exp
(
−O(log2(1/δ))

)
,

and hence
P
(

sup
0⩽t⩽1

|Xt| ⩽ δ
)
⩾ exp

(
−O(log2(1/δ))

)
.

Substituting this into the previous estimate and recalling that T ≍ log log(1/δ) gives

G(δ) ⩾ F (δ/2)G(1) exp
(
−O(log2(1/δ) log log(1/δ))

)
,

as required. □

We next construct a cutoff function that equals 1 on a smaller interval and still has almost-
exponential Fourier decay. This lets us localize the process X without losing the Fourier decay
needed to rule out cancellations. The construction is standard, but we record one for completeness.
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Lemma 2.2. There exists a function w : R → [0, 1] such that supp(w) ⊂ [−1/2, 1/2], w(x) = 1 for
x ∈ [−1/4, 1/4], and

|ŵ(ξ)| ≪ e−Ω(|ξ|/ log2(|ξ|+e)) (2.4)
for all ξ ∈ R.

Proof. Let ak = k log2 k, and choose C so that
∑

k⩾C a−1
k ⩽ 2−4. For k ⩾ C, let

fk(t) =
ak
2
1[−1/ak, 1/ak](t),

and write g = ∗k⩾C fk. Define

w(x) =

∫ x+3/8

x−3/8
g(t) dt.

The support and plateau properties are immediate. Moreover,

ŵ(ξ) =
2 sin(3ξ/8)

ξ

∏
k⩾C

sin(ξ/ak)

ξ/ak
.

If N = max{k ⩾ C : ak ⩽ |ξ|}, then N ≍ |ξ|/ log2(|ξ| + e), and for k ⩽ N/4 we have ak ⩽ |ξ|/2
once |ξ| is large. Since | sin(ξ/ak)/(ξ/ak)| ⩽ 1/2 for such k,

|ŵ(ξ)| ≪ 2−N/4 ≪ e−Ω(|ξ|/ log2(|ξ|+e)),

which proves the claim. □

2.2. Passing to L2 small-ball probabilities. The next step is to compare the L∞ event defining
G(δ) with the L2 event

H(δ) = P
(∫ ∞

0
e−tX2

t dt ⩽ δ2
)
.

The easy direction is a direct consequence of the Gaussian correlation inequality.

Lemma 2.3. There exists δ0 ∈ (0, 1) such that whenever 0 < δ < δ0,

H(4δ log(1/δ)) ⩾
G(δ)

2
.

Proof. We truncate the weighted L2 norm at time 4 log(1/δ). On the event defining G(δ), the
truncated part is automatically small, while the tail has expectation ≪ δ4 and is therefore small
with positive probability.

We may assume that δ is smaller than an absolute constant. If supt⩾0 e
−t/2|Xt| ⩽ δ, then∫ 4 log(1/δ)

0
e−t|Xt|2 dt ⩽ 4δ2 log(1/δ).

Also,

E
[ ∫ ∞

4 log(1/δ)
e−t|Xt|2 dt

]
=

∫ ∞

4 log(1/δ)

e−t

2
dt ⩽ δ4/2.

By Markov’s inequality,

P
(∫ ∞

4 log(1/δ)
e−t|Xt|2 dt ⩾ δ4

)
⩽

1

2
.

Therefore

P
(∫ ∞

0
e−t|Xt|2 dt ⩽ 8δ2 log(1/δ)

)
⩾ P

(∫ 4 log(1/δ)

0
e−t|Xt|2 dt ⩽ 4δ2 log(1/δ)

∧
∫ ∞

4 log(1/δ)
e−t|Xt|2 dt ⩽ 4δ2 log(1/δ)

)
8



⩾ P
(∫ 4 log(1/δ)

0
e−t|Xt|2 dt ⩽ 4δ2 log(1/δ)

)
× P

(∫ ∞

4 log(1/δ)
e−t|Xt|2 dt ⩽ 4δ2 log(1/δ)

)
⩾

G(δ)

2
,

where the third line uses the Gaussian correlation inequality. □

The key estimate compares the L∞ and L2 norms of the weighted process

X̃t = w(t)Xt,

where w is given by Lemma 2.2. Since X̃t vanishes outside [−1/2, 1/2], this is a local comparison.

Lemma 2.4. We have

P
(

max
−1⩽t⩽1

|X̃t| ⩾ L
(∫ 1

−1
|X̃t|2 dt

)1/2)
≪ e−Ω(L/ log2(L+e)).

Proof. We expand X̃ in a Fourier series and separate low and high frequencies. Since X̃t vanishes
at ±1/2, we may identify it with its 1-periodic extension and write, for t ∈ [−1/2, 1/2],

X̃t =
∑
k∈Z

ake
2πikt, ak =

∫ 1/2

−1/2
X̃te

−2πikt dt.

Then

E[|ak|2] =
∫ 1/2

−1/2

∫ 1/2

−1/2
w(t)w(s)K(t− s)e−2πik(t−s) dt ds

=

∫
R

∫
R
w(t)w(s)K(t− s)e−2πik(t−s) dt ds

=
1

2π

∫
R

∫
R

∫
R
w(t)w(s)K̂(ξ)ei(ξ−2πk)(t−s) dξ dt ds

=
1

2

∫
R
sech(πξ) |ŵ(2πk − ξ)|2 dξ.

Since sech(πξ) ≪ e−Ω(|ξ|), splitting the integral into the regions |ξ| ⩾ |k| and |ξ| ⩽ |k| gives

E[|ak|2] ≪ e−Ω(|k|/ log2(|k|+e)).

In particular, the high-frequency coefficients are extremely small on average. Moreover,

max
−1⩽t⩽1

|X̃t| ⩽
∑
k

|ak|,
∫ 1

−1
|X̃t|2 dt =

∑
k

|ak|2.

Thus, unless the high frequencies dominate the Fourier series, the supremum is controlled by the
L2 norm through the low modes alone.

If
∑

k |ak| ⩽ 2
∑

|k|⩽L |ak|, then by Cauchy–Schwarz,

max
−1⩽t⩽1

|X̃t| ⩽ 2
∑
|k|⩽L

|ak| ⩽ 2
√
2L+ 1

( ∑
|k|⩽L

|ak|2
)1/2

⩽ 2
√
2L+ 1

(∫ 1

−1
|X̃t|2 dt

)1/2
.
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Thus it remains to bound the probability that the high frequencies dominate. Let c > 0 be suffi-
ciently small. Then

P
( ∑

|k|⩾L

|ak| ⩾ e−cL/ log2(L+e)
)
≪ e−cL/ log2(L+e).

Consequently,

P
(∑

k

|ak| ⩾ 2
∑
|k|⩽L

|ak|
)
≪ P

( ∑
|k|⩽L

|ak| ⩽ e−cL/ log2(L+e)
)
+ e−cL/ log2(L+e)

≪ P
(
|a0| ⩽ e−cL/ log2(L+e)

)
+ e−cL/ log2(L+e)

≪ e−cL/ log2(L+e),

since a0 is a centered Gaussian with nonzero variance independent of L. □

We can now prove the reverse implication between H(δ) and G(δ).

Lemma 2.5. There exists δ0 ∈ (0, 1) such that whenever 0 < δ < δ0,

H(δ) exp
(
−O(log2(1/δ))

)
⩽ G

(
2δ log4(1/δ)

)
.

Proof. We first enlarge the integration range slightly to the left; by the argument at the end of
Lemma 2.1, this costs only an exp

(
−O(log2(1/δ))

)
factor. More precisely, the Gaussian correlation

inequality gives

P
(∫ ∞

−1
e−tX2

t dt ⩽ 2δ2
)
⩾ P

(∫ 0

−1
e−tX2

t dt ⩽ δ2
)
P
(∫ ∞

0
e−tX2

t dt ⩽ δ2
)

⩾ exp
(
−O(log2(1/δ))

)
H(δ).

The rest of the proof is devoted to showing that, on this event, the process is very unlikely to
develop a narrow spike.

We next show that this weighted L2 event typically forces the weighted supremum to be small.
To control the interval [0, L], note that the event

∫∞
−1 e

−tX2
t dt ⩽ 2δ2 implies that for every integer

k ⩾ 0, ∫
R
e−tw(t− k/4)2|Xt|2 dt ⩽ 2δ2.

Since w(t − k/4) = 1 whenever |t − k/4| ⩽ 1/4, applying Lemma 2.4 with L = log4(1/δ) for each
integer k ⩽ 4L and using stationarity gives

P
(

sup
0⩽t⩽L

e−t/2|Xt| ⩽ 2δ log4(1/δ) ∧
∫ ∞

−1
e−tX2

t dt ⩽ 2δ2
)

⩾ P
(∫ ∞

−1
e−tX2

t dt ⩽ 2δ2
)
− exp

(
− Ω

( log4(1/δ)

log2 log(1/δ)

))
.

It remains to control the tail. For ℓ ⩾ 0 we have

E
[ ∫

R
w(t− ℓ)e−t|Xt|2 dt

]
≪ e−ℓ.

Applying Lemma 2.4 once more,

P
(
sup
t

w(t− ℓ)e−t|Xt|2 ⩾ e−ℓ/2
)
≪ P

(∫
R
w(t− ℓ)e−t|Xt|2 dt ⩾ e−3ℓ/4

)
+ e−eΩ(ℓ) ≪ e−ℓ/4.

Taking ℓ = k/4 for k ⩾ 100 log(1/δ) and using the Gaussian correlation inequality, we obtain

P
(

sup
t⩾100 log(1/δ)

e−t/2|Xt| ⩽ 2δ log4(1/δ)
)
⩾

1

2
10



for all sufficiently small δ. Combining this with the previous estimate on [0, L], we obtain

P
(
sup
t⩾0

e−t/2|Xt| ⩽ 2δ log4(1/δ) ∧
∫ ∞

−1
e−tX2

t dt ⩽ 2δ2
)

⩾
1

2
P
(

sup
0⩽t⩽L

e−t/2|Xt| ⩽ 2δ log4(1/δ) ∧
∫ ∞

−1
e−tX2

t dt ⩽ 2δ2
)

⩾
1

2
P
(∫ ∞

−1
e−tX2

t dt ⩽ 2δ2
)
− exp

(
− Ω

( log4(1/δ)

log2 log(1/δ)

))
⩾ exp

(
−O(log2(1/δ))

)
H(δ)− exp

(
− Ω

( log4(1/δ)

log2 log(1/δ)

))
.

To remove the additive error term, it suffices to note that H(δ) ⩾ exp
(
−O(log3(1/δ))

)
. Indeed,

H(δ) ⩾ P
(

sup
0⩽t⩽10 log(1/δ)

|Xt| ⩽ δ2
)
P
(∫ ∞

10 log(1/δ)
e−t|Xt|2 dt ⩽ δ2

)
⩾

1

2

(
P
(
sup
0⩽t⩽1

|Xt| ⩽ δ2
))⌈10 log(1/δ)⌉

⩾ exp
(
−O(log3(1/δ))

)
,

where the tail term is handled by Markov’s inequality, and the first factor is estimated by decom-
posing [0, 10 log(1/δ)] into unit intervals and using the argument from the end of Lemma 2.1. This
completes the proof. □

2.3. Completing the proof of Theorem 1.2. Since H(δ) is an L2 quantity, it can be analyzed
by spectral methods. In particular, [11, Lemma 4] implies that

logP
(∫ ∞

0
e−tX2

t dt < δ
)
= − 1

12π2
log3(1/δ) + o

(
log3(1/δ)

)
. (2.5)

For completeness, we prove (2.5) in Section A with a quantitative error term.

Lemma 2.6. Let X be as in (2.2). Then for all δ ∈ (0, 1/4),

logP
(∫ ∞

0
e−tX2

t dt < δ
)
= − 1

12π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

)
. (2.6)

We now record the corresponding quantitative version of Theorem 1.2.

Theorem 2.7. For δ ∈ (0, 1/2),

logF (δ) = − 2

3π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

)
.

Proof. The comparison lemmas sandwich G(δ) between H evaluated at two nearby polylogarithmic
scales, so we begin by recording those two scales explicitly.

Set
θ+δ = 4δ log(1/δ), θ−δ =

δ

3 log4(1/δ)
.

By Lemma 2.3,
G(δ) ⩽ 2H(θ+δ ).

Also, for all sufficiently small δ,
2θ−δ log4(1/θ−δ ) ⩽ δ,

so monotonicity together with Lemma 2.5 gives

H(θ−δ ) exp
(
−O(log2(1/δ))

)
≪ G(δ).

11



Now Lemma 2.6 implies that for x ∈ (0, 1/4),

logH(x) = − 2

3π2
log3(1/x) +O

(
log5/2(1/x)

√
log log(1/x)

)
.

Since log
(
1/θ±δ

)
= log(1/δ) +O(log log(1/δ)), the previous two displays yield

logG(δ) = − 2

3π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

)
.

This identifies the asymptotic behavior of G(δ). To pass back to F (δ), we appeal once more to
Lemma 2.1; after absorbing the fixed constant G(1) into the error term, it gives

logF (δ) ⩾ logG(δ)−O(log2(1/δ))

and
logF (δ/2) ⩽ logG(δ) +O(log2(1/δ) log log(1/δ)).

Replacing δ/2 by δ changes the cubic main term by O(log2(1/δ)), which is absorbed by the stated
error term. This completes the proof. □

3. A reduction of Theorem 1.1 to the Gaussian model

The purpose of this section is to connect fn(x) with the Gaussian process studied in Section 2.
Throughout this section, let (εk)k⩾0 denote a sequence of independent Rademacher random variables
on a probability space (Ω,F ,P). We use the logarithmic coordinate x = ±e−t/n, which parametrizes
all of [−1, 1] except for the single point 0.

Lemma 3.1. For t ⩾ 0, define

f+
n,t =

1√
n
fn(e

−t/n), f−
n,t =

1√
n
fn(−e−t/n). (3.1)

Then
∥fn∥∞ = max

{
1,

√
n sup

t⩾0
|f+

n,t|,
√
n sup

t⩾0
|f−

n,t|
}
.

Proof. If x ∈ (0, 1], then x = e−t/n for t = −n log x ⩾ 0; if x ∈ [−1, 0), then x = −e−t/n for
t = −n log |x| ⩾ 0; and |fn(0)| = 1. The claim follows. □

We now compare the profiles from (3.1) with the Gaussian process Y from (2.1). The key input
is the Komlós–Major–Tusnády (KMT) strong invariance principle for i.i.d. variables with finite
exponential moments [8, 9, Theorem 1]; see also [3, Theorem 1.1] for an alternative proof. The
crucial point is that the KMT theorem allows us to replace the random walk ε1, ε1 + ε2, . . . by a
suitable rescaling of Brownian motion, with negligible error. An integration-by-parts argument then
matches fn(x) with the corresponding Gaussian model.

Lemma 3.2. For every A ⩾ 1 there exists CA > 0 such that the following holds. Let (εk)k⩾0 be a
sequence of independent Rademacher random variables. One can couple standard Brownian motion
(Bs)s⩾0 with (εk)k⩾0 so that

P
(

max
0⩽k⩽n

∣∣∣ k∑
j=0

εj −Bk

∣∣∣ > CA log n
)
⩽ CAn

−A

for all n ⩾ 2.

We now use Lemma 3.2 to couple fn with two independent copies of the Gaussian process Y .
12



Lemma 3.3. There exists an absolute constant C ⩾ 1 such that the following holds. Let (εk)0⩽k⩽n

be independent Rademacher random variables. One may couple (εk)0⩽k⩽n with two independent
copies (Yt,1)t⩾0 and (Yt,2)t⩾0 of the process Y from (2.1) so that

P
(
sup
t⩾0

∣∣∣fn(e−t/n)−
√
nYt,1

∣∣∣+ sup
t⩾0

∣∣∣fn(−e−t/n)−
√
nYt,2

∣∣∣ ⩾ C logn
)
≪ n−2.

Proof. Write

En(x) =
fn(x) + fn(−x)

2
√
n

, On(x) =
fn(x)− fn(−x)

2
√
n

.

Then
En(e

−t/n) =
1√
n

∑
0⩽k⩽n
k even

εke
−kt/n, On(e

−t/n) =
1√
n

∑
0⩽k⩽n
k odd

εke
−kt/n.

The processes En and On are independent because they depend on disjoint sets of coefficients.
Applying Lemma 3.2 to the reindexed even and odd subsequences, we obtain independent stan-

dard Brownian motions (Be
s)0⩽s⩽1 and (Bo

s)0⩽s⩽1 such that, with

Re
s =

1√
n

∑
1⩽k⩽ns
k even

εk −
1√
2
Be

s , Ro
s =

1√
n

∑
1⩽k⩽ns
k odd

εk −
1√
2
Bo

s ,

we have
P
(

sup
0⩽s⩽1

|Re
s|+ sup

0⩽s⩽1
|Ro

s| ⩾ C
log n√

n

)
≪ n−2

for a suitable absolute constant C.
Strictly speaking, Lemma 3.2 is stated only at the lattice points s ∈ n−1Z. However, standard

Brownian continuity estimates imply

P
(

sup
|t1−t2|⩽1/n

|Bt1 −Bt2 | ⩾ x
)
⩽ e−Ω(nx2),

so the estimate upgrades to all s ∈ [0, 1] at the cost of an error ≪
√
(log n)/n, which is absorbed

into the displayed bound.
Now define

Y e
t = 2−1/2

∫ 1

0
e−st dBe

s , Y o
t = 2−1/2

∫ 1

0
e−st dBo

s .

Since

En(e
−t/n) =

ε0√
n
+

∫ 1

0
e−st d

( 1√
2
Be

s +Re
s

)
, On(e

−t/n) =

∫ 1

0
e−st d

( 1√
2
Bo

s +Ro
s

)
,

integration by parts gives

En(e
−t/n)− Y e

t =
ε0√
n
+ e−tRe

1 +

∫ 1

0
te−stRe

s ds,

On(e
−t/n)− Y o

t = e−tRo
1 +

∫ 1

0
te−stRo

s ds.

Since

sup
t⩾0

∫ 1

0
te−st ds ⩽ 1,

it follows that, with probability 1−O(n−2),

sup
t⩾0

|En(e
−t/n)− Y e

t |+ sup
t⩾0

|On(e
−t/n)− Y o

t | ≪
log n√

n
.
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Finally, set
Yt,1 = Y e

t + Y o
t , Yt,2 = Y e

t − Y o
t .

Since Y e
t and Y o

t are independent centered Gaussian processes, each with covariance 1
2E[YsYt], the

processes (Yt,1)t⩾0 and (Yt,2)t⩾0 are independent copies of Y . Also,
1√
n
fn(e

−t/n) = En(e
−t/n) +On(e

−t/n),
1√
n
fn(−e−t/n) = En(e

−t/n)−On(e
−t/n).

Therefore,

sup
t⩾0

∣∣∣ 1√
n
fn(e

−t/n)− Yt,1

∣∣∣+ sup
t⩾0

∣∣∣ 1√
n
fn(−e−t/n)− Yt,2

∣∣∣ ≪ log n√
n

with probability 1−O(n−2), which is exactly the desired statement. □

4. Quantitative continuity for the small-ball inverse

Recall that
F (δ) = P

(
sup
t⩾0

|Yt| ⩽ δ
)
, δ > 0.

Let
Ψ(x) = logF (e−x).

Since F is continuous and strictly increasing, its inverse F−1 is also continuous and strictly increas-
ing. The purpose of this section is to quantify how F and F−1 change under small multiplicative
perturbations; these estimates are crucial for the proof of Theorem 1.1.

Proposition 4.1. Let ρ ∈ (0, 1). Then there exists δ0 ∈ (0, 1) such that whenever δ ∈ (0, δ0) and
t ∈ [−1, 1], ∣∣∣∣∣ log F (δet)

F (δ)
− 2t

π2
log2(1/δ)

∣∣∣∣∣ ⩽ ρ|t| log2(1/δ). (4.1)

Proof. By the Gaussian B-inequality [4, Theorem 1], the function Ψ is concave on (0,∞). Write

Ψ(x) = − 2

3π2
x3 + r(x),

where Theorem 1.2 gives r(x) = o(x3) as x → ∞. Fix ρ ∈ (0, 1). Choose ε > 0 sufficiently small,
and then choose x0 so large that

|r(y)| ⩽ εy3

for all y ⩾ x0/2. For x ⩾ x0, let m = ⌊ε1/2x⌋. Then m ∈ [1, x/2], and

Ψ(x+m)−Ψ(x)

m
= − 2

π2
x2 +O(ε1/2x2),

Ψ(x)−Ψ(x−m)

m
= − 2

π2
x2 +O(ε1/2x2).

After shrinking ε if necessary, the error terms are bounded by (ρ/4)x2. Concavity of Ψ therefore
yields

Ψ(x+ 1)−Ψ(x) ⩾
Ψ(x+m)−Ψ(x)

m
= − 2

π2
x2 +O(ρx2),

Ψ(x)−Ψ(x− 1) ⩽
Ψ(x)−Ψ(x−m)

m
= − 2

π2
x2 +O(ρx2).

For t ∈ (0, 1], concavity again gives

t
(
Ψ(x+ 1)−Ψ(x)

)
⩽ Ψ(x)−Ψ(x− t) ⩽ t

(
Ψ(x)−Ψ(x− 1)

)
,
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and hence

Ψ(x− t)−Ψ(x) =
2t

π2
x2 +O(ρtx2).

Since

log
F (δet)

F (δ)
= Ψ

(
log

1

δ
− t

)
−Ψ

(
log

1

δ

)
,

this proves (4.1) for t ∈ (0, 1]. The case t ∈ [−1, 0) follows by applying the same estimate to δet in
place of δ and observing that

log2
1

δet
= log2

1

δ
+O

(
log

1

δ

)
.

Since |t| ⩽ 1, the resulting change in the main term is absorbed by the right-hand side of (4.1) once
δ is sufficiently small. □

Corollary 4.2. Let ρ ∈ (0, 1). Then there exist δ0 ∈ (0, 1) and τ0 ∈ (0, 1) such that whenever
δ ∈ (0, δ0) and |τ | ⩽ τ0, ∣∣∣∣∣ log F (δ(1 + τ))

F (δ)
− 2τ

π2
log2(1/δ)

∣∣∣∣∣ ⩽ ρ|τ | log2(1/δ).

Proof. By Proposition 4.1, after shrinking δ0 if necessary,∣∣∣∣∣ log F (δet)

F (δ)
− 2t

π2
log2(1/δ)

∣∣∣∣∣ ⩽ ρ

2
|t| log2(1/δ)

whenever 0 < δ < δ0 and t ∈ [−1, 1]. Now set t = log(1 + τ). For |τ | ⩽ 1/2,

|t| ⩽ 2|τ |, |t− τ | ⩽ 2τ2.

After shrinking τ0 ∈ (0, 1/2] if necessary, we also have

2

π2
|t− τ | ⩽ ρ

2
|τ |

for all |τ | ⩽ τ0. The triangle inequality now gives∣∣∣∣∣ log F (δ(1 + τ))

F (δ)
− 2τ

π2
log2(1/δ)

∣∣∣∣∣ ⩽ ρ|τ | log2(1/δ). □

The next corollary is the inverse form needed later. It says that if one perturbs the value of F
multiplicatively by eσn , with |σn| = o(log2(1/δn)), then the corresponding perturbation of F−1 has
relative size σn/ log

2(1/δn).

Corollary 4.3. Let η > 0, let (yn) be a sequence in (0, 1) with yn ↓ 0, let (σn) be a sequence of real
numbers such that yneσn ∈ (0, 1) for all n, and set δn = F−1(yn). Assume that

|σn|
log2(1/δn)

→ 0.

Then for all sufficiently large n,∣∣∣∣∣F−1(yne
σn)

F−1(yn)
−

(
1 +

π2σn

2 log2(1/δn)

)∣∣∣∣∣ ⩽ η
|σn|

log2(1/δn)
. (4.2)
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Proof. Let

1 + τn =
F−1(yne

σn)

F−1(yn)
,

so that

σn = log
F (δn(1 + τn))

F (δn)
.

Choose ρ ∈ (0, π−2] so that π4ρ/2 ⩽ η. Since |σn|/ log2(1/δn) → 0, Corollary 4.2 applied at the
fixed perturbations ±τ0 shows that |τn| ⩽ τ0 eventually. For such n,∣∣∣σn − 2

π2
τn log

2(1/δn)
∣∣∣ ⩽ ρ|τn| log2(1/δn).

Since ρ ⩽ π−2, this implies
1

π2
|τn| log2(1/δn) ⩽ |σn|,

and therefore ∣∣∣τn − π2σn

2 log2(1/δn)

∣∣∣ ⩽ π2ρ

2
|τn| ⩽ η

|σn|
log2(1/δn)

.

This is exactly (4.2). □

5. Proving Theorem 1.1

Throughout this section, N denotes a dyadic scale, that is, N = 2k. We write

sn = (log log n)1/3, pn = log−1/2 n, bn = F−1(pn). (5.1)

Then Theorem 1.1 is equivalent to

lim inf
n→∞

∥fn∥∞√
n bn

= 1 almost surely. (5.2)

The scale bn is defined by F (bn) = pn. We first record its size and its stability on dyadic blocks.
We then prove the lower bound in (5.2) by passing from a dyadic block to a geometric mesh and
using the coupling from Section 3. Finally, we prove the upper bound by splitting fNj+1 into an old
part and an independent fresh block.

5.1. Asymptotics and stability of the scale sequence. We begin with the two properties of
bn needed below: its size and its stability under small relative changes in n.

Lemma 5.1. Let (bn) be defined by (5.1). Then, for all sufficiently large n,

log(1/bn) =
((3π2

4

)1/3
+ o(1)

)
sn. (5.3)

Proof. Since F (bn) = pn = log−1/2 n, we have log pn = −1
2 log logn = −1

2s
3
n. Applying Theorem 1.2

with δ = bn gives
2

3π2
log3(1/bn) =

1

2
s3n + o

(
log3(1/bn)

)
.

In particular, log(1/bn) ≍ sn, since otherwise the two cubic terms could not balance. Substituting
this back into the displayed identity yields

log3(1/bn) =
3π2

4
s3n + o(s3n),

and taking cube roots proves (5.3). □
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Lemma 5.2. Fix ∆ ∈ (0, 1/2]. Then for all sufficiently large N , if m,n ∈ [N, 2N ] satisfy |m−n| ⩽
∆N , then ∣∣∣ bn

bm
− 1

∣∣∣ ⩽ ∆

(logN)(log logN)2/3
. (5.4)

Proof. Set σm,n = log(pn/pm), so that bn = F−1(pmeσm,n). Since

σm,n =
1

2
log

logm

log n
,

the mean-value theorem gives |σm,n| ≪ ∆/ logN uniformly for m,n ∈ [N, 2N ] with |m−n| ⩽ ∆N .
Also, Lemma 5.1 shows that log(1/bm) ≍ sN ≍ (log logN)1/3 uniformly on [N, 2N ], so

|σm,n|
log2(1/bm)

≪ ∆

(logN)(log logN)2/3
→ 0.

Applying Corollary 4.3 with η = 1, y = pm, δ = bm, and σ = σm,n therefore yields∣∣∣ bn
bm

− 1
∣∣∣ ≪ |σm,n|

log2(1/bm)
≪ ∆

(logN)(log logN)2/3
,

which is exactly (5.4). □

5.2. The lower bound lim inf ⩾ 1. Fix a dyadic block [N, 2N ]. We pass to a geometric mesh
IN : Lemma 5.3 controls the error between nearby indices, and the mesh is sparse enough that the
Gaussian small-ball probabilities are summable over N .

Lemma 5.3. There exists an absolute constant C > 0 such that the following holds. Let N be
sufficiently large and ∆ ∈ [N−1, e−1]. Then

P
(

max
n,m∈[N,2N ]
|n−m|⩽∆N

max
x∈[−1,1]

|fn(x)− fm(x)| ⩾ C
√
∆N

√
log(1/∆) + log logN

)
≪ log−2N. (5.5)

Proof. For m < n and x ∈ [0, 1], summation by parts gives

fn(x)− fm(x) = (Sn − Sm)xn +
n−1∑

k=m+1

(Sk − Sm)(xk − xk+1),

where Sk =
∑k

j=0 εj . Since

xn +

n−1∑
k=m+1

(xk − xk+1) = xm+1 ⩽ 1,

we obtain
max
x∈[0,1]

|fn(x)− fm(x)| ⩽ max
m⩽k⩽n

|Sk − Sm|.

The same bound on [−1, 0] follows after replacing εk with (−1)kεk, which does not change the law.
Therefore, for every t > 0,

P
(

max
n,m∈[N,2N ]
|n−m|⩽∆N

max
x∈[−1,1]

|fn(x)− fm(x)| ⩾ t

)
⩽ 2P

(
max

n,m∈[N,2N ]
|n−m|⩽∆N

max
m⩽k⩽n

|Sk − Sm| ⩾ t

)
.
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Let T = ⌈∆N⌉ and let Ij = [N+jT,N+(j+2)T ]∩Z. Any pair m,n ∈ [N, 2N ] with |n−m| ⩽ ∆N
lies in some Ij , and there are O(∆−1) such intervals. By stationarity of the increments,

P
(

max
n,m∈[N,2N ]
|n−m|⩽∆N

max
m⩽k⩽n

|Sk − Sm| ⩾ t

)
≪ ∆−1P

(
max

0⩽r⩽2T
|Sr| ⩾ t/2

)
.

The reflection principle and Hoeffding’s inequality then give

P
(

max
0⩽r⩽2T

|Sr| ⩾ u
)
≪ e−u2/(8T ).

Taking u = t/2 with
t = C

√
∆N

√
log(1/∆) + log logN

and using T ⩽ 2∆N , we find

∆−1P
(

max
0⩽r⩽2T

|Sr| ⩾ t/2
)
≪ ∆−1e−cC2(log(1/∆)+log logN)

for an absolute constant c > 0. Choosing C so that cC2 ⩾ 4, the right-hand side is

≪ ∆3 log−4N ≪ log−2N,

which proves (5.5). □

As a consequence, we may work on a probability-one event on which fn changes little whenever
n varies by at most ∆NN inside a dyadic block.

Corollary 5.4. Let C > 0 be the absolute constant from Lemma 5.3. Fix A > 0 and, for each
dyadic N = 2k, set ∆N = e−AsN . Then, almost surely, for all sufficiently large dyadic N ,

max
n,m∈[N,2N ]
|n−m|⩽∆NN

max
x∈[−1,1]

|fn(x)− fm(x)| < C
√
∆NN

√
log(1/∆N ) + log logN.

Proof. Since sN → ∞ and sN = o(logN), we have ∆N ∈ [N−1, e−1] for all sufficiently large dyadic
N . Thus Lemma 5.3 applies with ∆ = ∆N , and the conclusion follows from Borel–Cantelli because∑

k⩾1

log−2(2k) < ∞. □

Proposition 5.5. Almost surely,

lim inf
n→∞

∥fn∥∞√
n bn

⩾ 1.

Proof. Fix η ∈ (0, 1), let C > 0 be the constant from Corollary 5.4, and set

An = {∥fn∥∞ ⩽ (1− η)
√
n bn}.

We will show that An occurs only finitely often almost surely.
Choose A > 2(3π2/4)1/3. For each dyadic N = 2k, define

∆N = e−AsN , EN = C
√
∆NN

√
log(1/∆N ) + log logN.

Let IN = {m0, . . . ,mjN } ⊂ [N, 2N ] be the geometric mesh defined by m0 = N and mj+1 =
⌊(1 + ∆N )mj⌋ until the first index exceeding 2N . For large N , we have mj+1 ⩾ (1 + ∆N/2)mj , so
|IN | ≪ ∆−1

N . Also let

MN =
{

max
m,n∈[N,2N ]
|m−n|⩽∆NN

∥fn − fm∥∞ < EN

}
.

By Corollary 5.4, almost surely MN holds for all sufficiently large dyadic N .
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We first reduce the problem from the whole block [N, 2N ] to the mesh IN . If m,n ∈ [N, 2N ] and
|m− n| ⩽ ∆NN , then ∣∣∣√n/m− 1

∣∣∣ ⩽ ∆N ,

and Lemma 5.2 gives
√
n bn ⩽ (1 + ∆N )2

√
mbm. Since ∆N → 0, for large N this implies

(1− η)
√
n bn ⩽ (1− 3η/4)

√
mbm.

Moreover, Lemma 5.1 gives

bN ⩾ exp
(
−

(
(3π2/4)1/3 + o(1)

)
sN

)
,

so
EN√
N bN

⩽ C exp
(
−
(A
2
− (3π2/4)1/3 + o(1)

)
sN

)√
AsN + s3N → 0.

This is where the choice of A is used. Since b2N/bN → 1 by Corollary 4.3, it follows that

EN ⩽ (η/4)
√
mbm

uniformly for m ∈ [N, 2N ], once N is large enough. Consequently, if An ∩ MN occurs for some
n ∈ [N, 2N ] and m ∈ IN satisfies |m− n| ⩽ ∆NN , then

∥fm∥∞ ⩽ ∥fn∥∞ + ∥fm − fn∥∞ ⩽
(
1− η

2

)√
mbm.

Therefore, ⋃
n∈[N,2N ]

(An ∩MN ) ⊂
⋃

m∈IN

Bm, Bm =
{
∥fm∥∞ ⩽

(
1− η

2

)√
mbm

}
.

It remains to estimate the mesh events Bm. Fix m ∈ IN , and choose a coupling as in Lemma 3.3.
Let Em be the event that

sup
t⩾0

|f+
m,t − Y m,+(t)|+ sup

t⩾0
|f−

m,t − Y m,−(t)| ⩽ η

4
bm,

where (Y m,+(t))t⩾0 and (Y m,−(t))t⩾0 are independent copies of Y . Since log(1/bm) ≍ sm by
Lemma 5.1, the estimate in Lemma 3.3 implies that

P(Ec
m) = O(m−2).

On Bm ∩ Em, Lemma 3.1 gives
sup
t⩾0

|f±
m,t| ⩽

(
1− η

2

)
bm,

and hence
sup
t⩾0

|Y m,±(t)| ⩽
(
1− η

4

)
bm.

Thus
Bm ∩ Em ⊂ Hm,

where
Hm =

{
sup
t⩾0

|Y m,+(t)| ⩽
(
1− η

4

)
bm, sup

t⩾0
|Y m,−(t)| ⩽

(
1− η

4

)
bm

}
.

Therefore
P(Bm) ⩽ P(Hm) + P(Ec

m).

Since the two Gaussian copies are independent, Proposition 4.1 yields

P(Hm) = F
((

1− η

4

)
bm

)2
⩽ F (bm)2 exp

(
− cη log

2(1/bm)
)
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for some cη > 0. Now F (bm) = pm, while m ∈ [N, 2N ] implies logm ≍ logN and sm ≍ sN . Hence∑
m∈IN

P(Bm) ≪ |IN | 1

logN
exp

(
−c′ηs

2
N

)
+

∑
m∈IN

m−2 ≪ 1

logN
exp

(
AsN − c′ηs

2
N

)
+∆−1

N N−2.

Both terms are summable over dyadic N = 2k. By Borel–Cantelli, almost surely the events Bm

occur only finitely often over the union of all dyadic meshes. Since MN also holds for all sufficiently
large dyadic N , the preceding inclusion shows that An occurs only finitely often almost surely. This
proves the proposition. □

5.3. The upper bound lim inf ⩽ 1. For the upper bound, we pass to a sparse sequence Nj and
write

fNj+1(x) = fNj (x) + xNj+1gj(x).

The fresh block gj is an independent Littlewood polynomial, so the Gaussian small-ball estimate
and Borel–Cantelli show that it is small infinitely often almost surely, while the old part fNj is
negligible on the larger scale

√
Nj+1 bNj+1 .

Proposition 5.6. Almost surely,

lim inf
n→∞

∥fn∥∞√
n bn

⩽ 1. (5.6)

Proof. Let η > 0. Choose A > 2(3π2/4)1/3. For j ⩾ 1, set

Nj = ⌈eAj log1/3(j+1)⌉, Mj = Nj+1 −Nj − 1.

Let

gj(x) =

Mj∑
k=0

εNj+1+kx
k.

Then gj is a degree-Mj Littlewood polynomial depending only on the block (Nj , Nj+1], and

fNj+1(x) = fNj (x) + xNj+1gj(x). (5.7)

Let
A′

j = {∥gj∥∞ ⩽ (1 + η/4)
√
Mj bMj}.

We first show that these events occur infinitely often almost surely. For t ⩾ 0, set

g+j,t = M
−1/2
j gj(e

−t/Mj ), g−j,t = M
−1/2
j gj(−e−t/Mj ).

By the analogue of Lemma 3.1,

∥gj∥∞ = max
{
1,

√
Mj sup

t⩾0
|g+j,t|,

√
Mj sup

t⩾0
|g−j,t|

}
.

Since gj has the same law as a degree-Mj Littlewood polynomial, the proof of Lemma 3.3, together
with the quantitative estimate in Lemma 3.2, gives a coupling with independent copies (Y +

j,t)t⩾0 and
(Y −

j,t)t⩾0 of Y such that

P
(
sup
t⩾0

|g+j,t − Y +
j,t|+ sup

t⩾0
|g−j,t − Y −

j,t| > C
logMj√

Mj

)
≪ M−2

j

for some absolute constant C > 0. By Lemma 5.1, (logMj)/
√
Mj = o(bMj ), so for all sufficiently

large j the exceptional event has probability O(M−2
j ) even with threshold (η/4)bMj . Let Ej denote

the complementary good event. Also let Hj be the event that both supt⩾0 |Y +
j,t| and supt⩾0 |Y −

j,t|
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are at most bMj . On Hj ∩ Ej we have supt⩾0 |g±j,t| ⩽ (1 + η/4)bMj , and since
√

MjbMj → ∞, the
identity above implies Hj ∩ Ej ⊂ A′

j eventually. Hence

P(A′
j) ⩾ P(Hj)− P(Ec

j ) = F (bMj )
2 −O(M−2

j ) =
1

logMj
−O(M−2

j ).

In particular, P(A′
j) ⩾ (2 logMj)

−1 for all sufficiently large j. Since Nj/Nj+1 → 0, we have
Mj ∼ Nj+1 and therefore logMj ≍ j log1/3 j, so∑

j⩾1

P(A′
j) = ∞.

The events A′
j are independent because they depend on disjoint coefficient blocks, and hence the

second Borel–Cantelli lemma implies that A′
j occurs infinitely often almost surely.

We next show that the old part is negligible:

∥fNj∥∞√
Nj+1 bNj+1

→ 0 almost surely. (5.8)

Indeed, by (1.1), almost surely,

∥fNj∥∞√
Nj+1 bNj+1

≪

√
Nj

Nj+1

√
log logNj

bNj+1

.

Now log logNj = log j +O(log log j), so
√
log logNj = exp

(
o(log1/3 j)

)
. Also,√

Nj

Nj+1
= exp

(
− (A/2 + o(1)) log1/3 j

)
,

while Lemma 5.1 gives

b−1
Nj+1

= exp
((

(3π2/4)1/3 + o(1)
)
log1/3 j

)
.

Therefore,
∥fNj∥∞√
Nj+1 bNj+1

≪ exp
(
−
(A
2
− (3π2/4)1/3 + o(1)

)
log1/3 j

)
→ 0,

since A/2 > (3π2/4)1/3. This proves (5.8).
Also Mj/Nj+1 → 1, so

√
Mj/Nj+1 → 1. Applying Corollary 4.3 with yj = pNj+1 and σj =

log
(
pMj/pNj+1

)
, we have σj → 0 and

|σj | =
1

2

∣∣∣ log logNj+1

logMj

∣∣∣ = o
(
(log logNj+1)

2/3
)
≍ o

(
log2(1/bNj+1)

)
,

so
bMj

bNj+1

= 1 + o(1). (5.9)

On the probability-one event where A′
j occurs infinitely often and (5.8) holds, we obtain from

(5.7) and (5.9) that for infinitely many j,

∥fNj+1∥∞ ⩽ ∥fNj∥∞ + ∥gj∥∞
⩽ o

(√
Nj+1 bNj+1

)
+ (1 + η/4)

√
Mj bMj

=
(
1 + η/4 + o(1)

)√
Nj+1 bNj+1 .
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Hence, almost surely,

lim inf
n→∞

∥fn∥∞√
n bn

⩽ 1 + η.

Since η > 0 was arbitrary, (5.6) follows. □

Proof of Theorem 1.1. The lower bound is precisely Proposition 5.5, and the upper bound is pre-
cisely Proposition 5.6. Combining them proves Theorem 1.1. □

Appendix A. Proof of Lemma 2.6: calculating the L2 small-ball probability

In this appendix we prove Lemma 2.6 by counting the eigenvalues of a covariance operator. Let
X be as in (2.2), and set

I =

∫ ∞

0
e−tX2

t dt.

Let T be the covariance operator of e−t/2Xt. Thus T : L2(0,∞) → L2(0,∞) is given by

(Tf)(s) =

∫ ∞

0
e−(s+t)/2K(s− t)f(t) dt, (A.1)

where K is the covariance kernel from (2.3). The operator T is compact, self-adjoint, positive,
and trace class; moreover, Tr(T ) = 1/2 by a direct computation. Writing λ1 ⩾ λ2 ⩾ · · · ⩾ 0 for
its eigenvalues and choosing an orthonormal basis of eigenvectors, the Karhunen–Loève expansion
gives, almost surely,

I =
∑
k⩾1

λkξ
2
k, (A.2)

where the ξk are i.i.d. standard Gaussian random variables.
It therefore remains to understand the eigenvalues of T . If A is compact, write s1(A) ⩾ s2(A) ⩾

· · · ⩾ 0 for its singular values, and if A is compact and positive, write λ1(A) ⩾ λ2(A) ⩾ · · · ⩾ 0 for
its eigenvalues. For τ > 0, define

N(τ,A) = #{k ⩾ 1 : sk(A) ⩾ τ}, Λ(τ,A) = #{k ⩾ 1 : λk(A) ⩾ τ}. (A.3)

If A is positive then N(τ, A) = Λ(τ, A). In particular, Λ(τ, T ) counts the eigenvalues of T above
the threshold τ . The main input is the quantitative estimate for Λ(τ, T ) in Proposition A.4, proved
by combining Laptev’s block decomposition [10] with the estimate from [7] recorded in Lemma A.2.
We then deduce Lemma 2.6.

A.1. Counting the eigenvalues of T .

Lemma A.1. The operator T is unitarily equivalent to the operator T̃ on L2(0,∞) given by

(T̃ f)(s) =

∫ ∞

0

2

e2s + e2t
f(t) dt.

Proof. Let U : L2(0,∞) → L2(0,∞) be the unitary dilation (Uf)(s) = 2−1/2f(s/2). A direct
computation in (A.1), followed by the change of variables t 7→ 2t, gives

(U−1TUf)(s) =

∫ ∞

0

2

e2s + e2t
f(t) dt,

which proves the claim. □
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For u, a > 0, let Gu,a : L
2(0, a) → L2(0, a) be the compact operator

(Gu,af)(x) =

∫ a

0

sin(u(x− y))

π(x− y)
f(y) dy. (A.4)

Since sin(uz)/(πz) is the inverse Fourier transform of 1[−u,u], Plancherel expresses the quadratic
form of Gu,a in terms of the Fourier transform of f1(0,a). In particular, for all f ∈ L2(0, a),

⟨Gu,af, f⟩ =
1

2π

∫ u

−u

∣∣∣ ∫ a

0
e−iξxf(x) dx

∣∣∣2 dξ ⩾ 0,

so Gu,a is positive. The next lemma estimates Λ(τ,Gu,a).

Lemma A.2. For τ ∈ (0, 1/4),

Λ(τ,Gu,a) =
au

π
+O

(
log(au+ e) log(1/τ)

)
.

Proof. Let c = au/2. After translating (0, a) to (−a/2, a/2), the operator Gu,a is exactly the
operator treated in [7, Theorem 3 and Corollary 3]. If λ1(c) ⩾ λ2(c) ⩾ · · · ⩾ 0 are its eigenvalues,
then [7, Corollary 3] gives

λk(c) ≪ exp
(
− Ω

( k − 2c/π

log(c+ e)

))
(k ⩾ 2c/π),

1− λk(c) ≪ exp
(
− Ω

( 2c/π − k

log(c+ e)

))
(k ⩽ 2c/π).

Hence λk(c) < τ whenever
k ⩾ 2c/π +O

(
log(c+ e) log(1/τ)

)
,

while λk(c) > τ whenever
k ⩽ 2c/π −O

(
log(c+ e)

)
.

Since τ < 1/4, the latter error term is also O(log(c+ e) log(1/τ)). Therefore

Λ(τ,Gu,a) =
2c

π
+O

(
log(c+ e) log(1/τ)

)
,

and since c = au/2, the claim follows. □

For a > 0, let Ka : L
2(0, a) → L2(0, a) be the compact truncated convolution operator with kernel

K,

(Kaf)(x) =
1

2

∫ a

0
sech

(x− y

2

)
f(y) dy. (A.5)

Lemma A.3. For a > 0 and τ ∈ (0, 1/4),

Λ(τ,Ka) =
a

π2
log(1/τ) +O

(
a+ log(1/τ) log(a log(1/τ) + e)

)
.

Proof. If F = f1(0,a), then Plancherel, together with (A.4) and the identity K̂(ξ) = π sech(πξ),
gives

⟨Kaf, f⟩ =
1

2π

∫
R
π sech(πξ)|F̂ (ξ)|2 dξ, ⟨Gu,af, f⟩ =

1

2π

∫ u

−u
|F̂ (ξ)|2 dξ.

Since
π sech(πu)1[−u,u](ξ) ⩽ π sech(πξ) ⩽ π1[−u,u](ξ) + π sech(πu),

we obtain
π sech(πu)Gu,a ⩽ Ka ⩽ πGu,a + π sech(πu)Id.

Choose u±τ > 0 so that
π sech(πu+τ ) = τ/2, π sech(πu−τ ) = 8τ.
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Then u±τ = π−1 log(1/τ) + O(1). Applying the min-max principle with u = u−τ and u = u+τ ,
respectively, gives

Λ(1/8,Gu−
τ ,a) ⩽ Λ(τ,Ka) ⩽ Λ(τ/(2π),Gu+

τ ,a).

Since
au±τ
π

=
a

π2
log(1/τ) +O(a), log

(
au±τ + e

)
= O

(
log(a log(1/τ) + e)

)
,

the claim follows from Lemma A.2. □

We can now estimate the eigenvalue-counting function of the covariance operator T .

Proposition A.4. For all τ ∈ (0, 1/4),

Λ(τ, T ) =
1

2π2
log2(1/τ) +O

(
log3/2(1/τ)

√
log log(1/τ)

)
.

Proof. The proof follows Laptev’s argument [10]. The quantitative input comes from Lemma A.3.
By Lemma A.1, T is unitarily equivalent to T̃ , so it suffices to compute Λ(τ, T̃ ).

Fix integers a,m ⩾ 1. Let Pj : L
2(0,∞) → L2((j − 1)a, ja) be the orthogonal projection onto

[(j − 1)a, ja), and let Qj : L
2(0,∞) → L2(ja,∞) be the orthogonal projection onto [ja,∞). Then

T̃ =

m∑
j=1

Pj T̃Pj +

m∑
j=1

(Qj T̃Pj + Pj T̃Qj) +QmT̃Qm.

The off-diagonal terms are not self-adjoint, so we estimate them via the singular-value counting
function N(τ, ·). The Ky Fan inequality gives

Λ
(
τ, T̃

)
⩽ Λ

(τ
2
,

m∑
j=1

Pj T̃Pj

)
+ Λ

(τ
4
, QmT̃Qm

)
+

m∑
j=1

N
( τ

8m
,Pj T̃Qj

)
+

m∑
j=1

N
( τ

8m
,Qj T̃Pj

)
,

(A.6)

Λ
(τ
2
, T̃

)
⩾ Λ

(
τ,

m∑
j=1

Pj T̃Pj

)
− Λ

(τ
4
, QmT̃Qm

)
−

m∑
j=1

N
( τ

8m
,Pj T̃Qj

)
−

m∑
j=1

N
( τ

8m
,Qj T̃Pj

)
.

(A.7)

We begin with the tail block QmT̃Qm. If Um : L2(0,∞) → L2(ma,∞) is the translation unitary
(Umf)(s) = f(s−ma), then

U−1
m QmT̃QmUm = e−2maT̃ .

Hence
∥QmT̃Qm∥ = e−2ma∥T̃∥ = e−2ma∥T∥ ⩽ e−2maTr(T ) =

1

2
e−2ma,

where we used positivity of T . Choosing m so that e−2ma < τ/2, all eigenvalues of QmT̃Qm lie
below τ/4, and therefore

Λ
(τ
4
, QmT̃Qm

)
= 0.

Since Qj T̃Pj = (Pj T̃Qj)
∗, the two off-diagonal terms have the same singular values. It therefore

suffices to estimate N(τ/(8m), Pj T̃Qj). Let Uj : L
2(ja,∞) → L2(0, 1) be the unitary map

(Ujf)(v) = (2v)−1/2f
(
ja− 1

2
log v

)
.

Writing x = ja − r with 0 < r < a, setting u = e−2r, and changing variables v = e−2(t−ja), we
obtain

(Pj T̃QjU
−1
j g)(ja− r) = e−2ja

∫ 1

0

√
2v

1 + uv
g(v) dv.
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Since uv ∈ [0, 1], the function z 7→ (1 + z)−1 is analytic on the disk |z − 1/2| < 3/2. Truncating its
Taylor series about z = 1/2 after k terms yields a polynomial pk with

sup
0⩽z⩽1

|(1 + z)−1 − pk(z)| ≪ 3−k.

If pk(z) =
∑k

n=0 anz
n, then the approximating kernel is

e−2ja
√
2v pk(uv) = e−2ja

k∑
n=0

anu
n(
√
2 vn+1/2),

so the approximating operator has rank at most k+1. The remainder kernel is uniformly O(e−2ja3−k)
on a set of r-measure a, and therefore its Hilbert–Schmidt norm is O(

√
a e−2ja3−k). Hence

sk+2(Pj T̃Qj) ≪
√
a e−2ja3−k,

and choosing

k ≍ log+

(8m√
a e−2ja

τ

)
gives

N
( τ

8m
,Pj T̃Qj

)
≪ log

(
e+

8m
√
a e−2ja

τ

)
. (A.8)

Finally, since the ranges of the Pj are orthogonal,

Λ
(
τ,

m∑
j=1

Pj T̃Pj

)
=

m∑
j=1

Λ(τ, Pj T̃Pj).

After translating [(j−1)a, ja) to [0, a) and dilating to [0, 2a), the block Pj T̃Pj is unitarily equivalent
to

e−2(j−1)aMK2aM, (Mf)(x) = e−x/2f(x).

Since the nonzero eigenvalues of MK2aM and K1/2
2a M2K1/2

2a coincide, while e−2aId ⩽ M2 ⩽ Id, the
min-max principle gives

Λ(τe2ja,K2a) ⩽ Λ(τ, Pj T̃Pj) ⩽ Λ(τe2(j−1)a,K2a).

Choose
m =

⌈ log(2/τ)
2a

⌉
+ 1.

By the trace bound Tr(K2a) = a, only O(1 + 1/a) of the parameters ηj ∈ {τe2ja, τe2(j−1)a} can
exceed 1/4, and for each such j we have

Λ(ηj ,K2a) ⩽ η−1
j Tr(K2a) ⩽ 4a.

Thus their total contribution is O(a). Applying Lemma A.3 to the remaining terms and summing
the arithmetic progression

log
(
1/(τe2ja)

)
= log(1/τ)− 2ja

yields

Λ
(
τ,

m∑
j=1

Pj T̃Pj

)
=

1

2π2
log2(1/τ) +O

(
a log(1/τ) +

log2(1/τ)

a
log(a log(1/τ) + e)

)
. (A.9)

Summing (A.8) over 1 ⩽ j ⩽ m and using m ≍ log(1/τ)/a, we obtain
m∑
j=1

N
( τ

8m
,Pj T̃Qj

)
≪ log2(1/τ)

a
log(a log(1/τ) + e).
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Combining this with (A.9) and (A.6), together with the fact that Λ(τ/4, QmT̃Qm) = 0, gives the
upper bound

Λ(τ, T̃ ) ⩽
1

2π2
log2(1/τ) +O

(
a log(1/τ) +

log2(1/τ)

a
log(a log(1/τ) + e)

)
.

For the matching lower bound, apply (A.7) with 2τ in place of τ . Since replacing τ by 2τ changes
the main term by only O(log(1/τ)), which is absorbed by the displayed error term, we obtain

Λ(τ, T̃ ) ⩾
1

2π2
log2(1/τ)−O

(
a log(1/τ) +

log2(1/τ)

a
log(a log(1/τ) + e)

)
.

Therefore

Λ(τ, T̃ ) =
1

2π2
log2(1/τ) +O

(
a log(1/τ) +

log2(1/τ)

a
log(a log(1/τ) + e)

)
.

Taking
a =

⌈√
log(1/τ) log log(1/τ)

⌉
proves the claim. □

A.2. Turning the counting bound into Lemma 2.6. The counting estimate in Proposition A.4
already yields the correct cubic scale for the L2 small-ball probability. We record the resulting bound
explicitly.

Proposition A.5. Let X be as in (2.2). Then for all δ ∈ (0, 1/4),

logP
(∫ ∞

0
e−tX2

t dt < δ
)
= − 1

12π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

)
.

Proof. By (A.2), it is enough to estimate

logP(I < δ), I =
∑
k⩾1

λkξ
2
k.

Write
L(r) = logEe−rI = −1

2

∑
k⩾1

log(1 + 2rλk).

It suffices to consider sufficiently small δ. Since

Λ(τ, T ) =
∑
k⩾1

1{τ⩽λk},

exchanging summation and integration gives

−L(r) = r

∫ λ1

0

Λ(τ, T )

1 + 2rτ
dτ.

Also λ1 ⩽ Tr(T ) = 1/2, and τΛ(τ, T ) ⩽ Tr(T ), so Λ(τ, T ) ⩽ (2τ)−1 ⩽ 2 on [1/4, λ1]. Therefore
Proposition A.4 and the change of variables u = 2rτ imply

−L(r) =
1

12π2
log3 r +O

(
log5/2 r

√
log log r

)
.

For the upper bound, take
rδ = δ−1 log2(1/δ).

Then rδδ = log2(1/δ) and log rδ = log(1/δ) +O(log log(1/δ)), so Markov’s inequality yields

P(I < δ) ⩽ eL(rδ)+rδδ = exp
(
− 1

12π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

))
.
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For the lower bound, take instead
rδ = δ−1 log4(1/δ).

Then again log rδ = log(1/δ) +O(log log(1/δ)), and hence

−L(rδ) =
1

12π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

)
.

Also rδδ = log4(1/δ) ≫ −L(rδ), so

e−rδδ ⩽
1

2
eL(rδ)

for all sufficiently small δ. Since

eL(rδ) = Ee−rδI ⩽ P(I < δ) + e−rδδ,

this gives

P(I < δ) ⩾
1

2
eL(rδ).

Taking logarithms yields

logP(I < δ) ⩾ L(rδ) +O(1) = − 1

12π2
log3(1/δ) +O

(
log5/2(1/δ)

√
log log(1/δ)

)
.

Combining the upper and lower bounds proves the proposition. □

Proof of Lemma 2.6. This is exactly Proposition A.5. □
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